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DETERMINING A FAIR BORDER 
THEODORE P. HILL 
Department of Mathematics, University of Leiden, Wassenaarseweg 80, Postbus 9512, 2300 RA Leiden, 
The Netherlands 
Introduction. Suppose n countries border on a region the ownership of which is in dispute (Fig. 
1). Is there a way of partitioning the disputed territory so each country receives a single piece 
adjacent to itself which it considers at least 1/n the total value of the territory, even though 
different parts of the territory may be valued differently by individual countries? The main 
purpose of this paper is to show that such fair borders always exist, under the quite natural 
assumption that each country's value of the territory is nonatomic (i.e., single points have value 
zero). 
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FIG. 1. 
This border problem is in some respects closely related to several of the classical fair-division 
problems uch as the "Problem of Cutting a Cake Fairly" of Steinhaus [2], [9], the "Problem of 
the Nile" described by Fisher [4], [5], the "Problem of Similar Regions" of Neyman and Pearson 
[8], and the "Ham Sandwich Problem" of Ulam [10]. 
Steinhaus first raised the question of whether an object (such as a cake) can be divided among 
n people, who may value different parts of the cake differently, in such a way that each person 
feels he has received at least 1/n the total worth of the cake according to his own value. For n = 2, 
the well-known "one cuts, the other chooses" method always yields a solution (although in some 
respects not an ideal solution, as the second person has an obvious advantage in general). 
Steinhaus howed that the cake-cutting problem has an affirmative solution for n = 3, and then 
Banach and Knaster solved the problem for general n with the following simple, elegant, and 
practical solution: pass a long knife parallel to itself slowly over the top of the cake until one of 
the participants says "stop," cut the cake at that point and give the piece to that participant, and 
then continue moving the knife. It is easy to see that this procedure guarantees each person at 
least 1/n of the cake, according to his own value, provided that each participant's value of every 
piece of zero volume is zero. 
The author's formal education has included a Bachelor's degree at West Point, a Master's in operations research 
at Stanford, a year as a Fulbright scholar at G6ttingen, and a Ph.D. in mathematics at Berkeley in 1977. He has 
taught at Washington University and is currently on leave from Georgia Tech as a NATO postdoctoral fellow at the 
University of Leiden. His main mathematical interests center around stochastic processes (especially abstract 
gambling theory and optimal stopping theory); this excursion into fair-division problems was largely recreational. 
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The "Problem of the Nile" [2], [4], [5] involves partitioning a set into k pieces (instead of n, as 
in the cake-cutting problem) and then evaluating each of n measures on each piece. "Each year 
the Nile would flood, thereby irrigating or perhaps devastating parts of the agricultural land of a 
predynastic Egyptian village. The value of the different portions of the land would depend on the 
height of the flood. In question was the possibility of giving to each of the k residents a piece of 
land whose value would be I/k of the total land value, no matter what the height of the flood." 
Feller [3] showed that if there are an infinite number of flood heights possible, the problem need 
not have a solution, whereas Neyman [71 first proved that a (nonconstructive) solution always 
exists if there are only a finite number of possible flood heights. 
A special case of Neyman and Pearson's "Problem of Similar Regions" [8] which is actually 
equivalent o the "Problem of the Nile" is the "Bisection Problem": given a set and n probability 
measures on it, does there always exist a single subset having exactly measure one-half with 
respect o each of the n measures? (More generally, the "Problem of Similar Regions" asks for the 
existence, for each a in [0, 1], of a single set having exactly measure a with respect to each 
measure.) 
Another classical bisection problem, but one which involves bisection in a particular way 
(namely by a hyperplane), is'that of Ulam's "Ham Sandwich Problem": can an ordinary ham 
sandwich, consisting of bread, ham, and butter be cut by a plane in such a way that each of the 
three ingredients i cut exactly in half? More generally, can n objects in eucidean n-space always 
be simultaneously bisected by a single hyperplane? The answer is affirmative, and the standard 
proof is an application of the Borsuk-Ulam theorem [1], [2]: 
(1) Iff is a continuous map of the sphere in n-dimensional space into (n - 1)-dimensional space 
such that f (- x) = -f(x) for every x, then there is some point on the sphere mapped into 
the origin. 
(For an interesting discussion, historical background, and proofs of the interrelationships among 
these classical division problems, the reader is referred to [2].) 
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FIG. 2. 
Solution of the Border Problem. Solutions of the fair-division problems above are generally not 
adequate for solution of the border problem for two topological reasons: first, the pieces so 
determined may be badly disconnected (recall we want each country to receive a single piece); and 
second, the pieces may well not be adjacent to the correct countries (Fig. 2). Moreover, it is not 
always possible to connect the Banach-Knaster pieces to the correct countries (by thin, noninter- 
secting roads for example) without destroying either the overall fairness of the division, or the 
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connectivity of the other pieces. However, a (nonconstructive) cake-cutting result of Dubins and 
Spanier can be used to help settle the border problem affirmatively. Using Lyapounov's convexity 
theorem [2], [6], 
(2) The range of every nonatomic, ountably additive, finite dimensional, vector-valued measure 
is convex, 
Dubins and Spanier were able to show there is always a (Borel) partitioning of the cake so that 
each person receives trictly more than his share, provided at least two people value some part of 
the cake differently. 
THEOREM 1 (Dubins and Spanier [2], Corollary 1.2). Let D be a Borel subset of R k and suppose 
U1. . . , [L, are nonatomic (Borel) probability measures supported on D, with pui + L,j for some i + j. 
Let pi > 0 with E2pi = 1. Then there exists a Borel partition Cl,..., C, of D such that ,ui(CQ) > pi 
for each i. 
(The numbers pi refer to the minimum proportion of the territory to be given to the ith 
country; often pi 1/n for all i.) 
It should be noted that the partition guaranteed by Theorem 1 may also fail to solve the border 
problem for the same reasons as the Banach-Knaster procedure may; moreover, the elements of 
the Dubins-Spanier partition can be very complicated Borel sets in general. 
Countries (and the disputed territory D) will be identified with open connected regions in R2 
For a set A c R 2 A denotes the closure of A, A the interior of A, and dA the boundary (A \A) of 
A. By a nonatomic measure is meant a Borel measure which assigns measure zero to each 
singleton set (single point). 
Definition. Open connected subsets A and B of R 2 are adjacent if dA n dB contains an open 
arc a (homeomorphic mage of (0, 1)) such that A U B U a is open and connected. 
In Figure 1, D is adjacent to Al, A2 and A3, but not to AO. Intuitively, two connected regions 
are adjacent if they " touch" on an interval, that is, if a single country can be formed from the two 
regions by erasure of some small open arc on their common boundary. That the common 
boundary just contain an open arc is not enough to insure this merger can always be accomplished 
(and hence that a fair division in the "connected-adjacent" sense exists), as can be easily seen by 
looking at such borders as the sin(l/x) curve describes. (However, it is easy to check in the above 
definition that if A U B U a is open, it is automatically connected.) We are now ready to state the 
main result; recall that pi represents the minimum proportion of the disputed territory the ith 
country is to receive. 
THEOREM 2. Suppose D, A,,..., A, are open connected regions in R 2 with Ai adjacent to D for 
each i. If ,uL, . . ., [U, are nonatomic probability measures on D and pi > 0, E2pi = 1, then there exist 
disjoint open connected subsets B,,..., Bn of D with Bi adjacent to Ai for all i, [Li(Bi) > pi for all i, 
and with U Bi = D. 
Proof of Theorem 2. Without loss of generality, pi > 0 for all i. 
Case 1. ,-L = ... = [L. Expand AI's territory into D continuously, taking care to avoid the 
boundary of D and to pass continuously through any arcs of positive L,j measure, until 
1L (B1) = tL (B1) = p I (Fig. 3). (This is possible since ,u, is nonatomic and D is connected.) Now 
D \ BI is open and connected, and since [LI = = ,j(D \B)= 1-p 1, for all j = 1,..., 
n. Continue similarly to find B2, ..., B1, and let Bn = D \( U ... U Bn_). This completes 
Case 1. 
Case 2. [Li + pLj for some i + j. By Theorem 1 there exists a Borel partition C,,..., Cn of D 
satisfying [it(C) > pi for all i = 1,. . ., n. Since the (,Ii) are Borel, there exist (disjoint) open balls 
El,..., Ek inD with ,i(dEj) = 0 for all i andj, and 
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Ai( U EJ AC, < e=min [j (CJ)- pj) for all i = 1,I.. n. 
Since D is open and connected, it is path (piecewise linear) connected and it follows easily that 
there are (sausage-shaped) open connected subsets of D adjacent to AI the closures of which have 
arbitrarily small [Li measure for all i, and which contain all the centers of El,. . ., Ek. Let B1 be the 
union of one of these sets with u kFJ which satisfies tLi(BIACI) < e and t,t(dBi) = 0 for all 
i = 1,..., n. Then B1 is open and connected, adjacent to Al, and satisfies tLt(B1) > P1 and 
(Ci \ B1) > pj for allj = 2,..., n. (See B2 in Fig. 3.) Now D\B1 is open and connected, so 
continue in this manner finding B2, ..., B_ -1 and then let Bn = D \( B1 U U Bn ) It is easy 
to see that the sets B1,. .., B satisfy the conclusion of the theorem. a 
A1 
A3 
( \~~~~ 
2, 
FIG. 3. 
If the measures ,u,..., p, fail to be nonatomic, the conclusion of the theorem may fail: the 
worst case is that for some point x E D, tui((x)) = I for all i. 
Theorem 2 may easily be strengthened intwo respects. First, the conclusion holds also for R k 
(or k-dimensional manifolds) if one generalizes the definition of adjacency as "touching" on 
k - 1 dimensional regions (i.e., dA fn dB contains a homeomorphic mage of (0, I)k- I . . .). And 
second, the conclusion may also obviously be strengthened to guarantee that the new borders 
formed are polygonal. If 1?i + pkj for some i + j, the analog of Theorem 2 corresponding to 
Theorem 1 is also easy to prove: there is always a border which gives each country strictly more 
than its fair share. As an immediate corollary to Theorem 2, one may drop all adjacency 
requirements and conclude that a connected cake may be divided so that each person receives a
single (i.e., connected) piece which is a fair share. 
It would perhaps be of interest o find a practical, constructive method for generating the fair 
border guaranteed by Theorem 2; no such solution is known to the author. 
Other Notions of a Fair Share. That each participant receive a piece which he values at least 
1/n of the total value is certainly not the only criterion for what constitutes a "fair share." 
Suppose one person receives a piece which he values at exactly l/n, whereas others get strictly 
more than 1/n according to his and their values. Has the first person received a "fair share"? In 
the border problem, since D is a nonempty open set, it is easy to see that the solution guaranteed 
by Theorem 2 is never unique, and the question arises of whether or not borders exist which are in 
some sense optimal, or at least more fair. Dubins and Spanier addressed this question for 
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cake-cutting, and offered several different criteria for determining whether one partition is better 
than another. 
The first criterion suggested is that the partition (Al, A2,..., A,} is better than the partition 
(B1,..., Bn) if Enlli(Ai) > En,i(BJ), and for cake-cutting they proved [2, Theorem 2] that optimal 
partitions in this sense always exist. On the other hand, for the border problem it may be seen 
from Fig. 2, with ,ui uniformly distributed on Bi for each i, that optimal partitions in this first 
sense do not always exist (although clearly "E-optimal" ones always exist, as can be shown by a 
slight modification i  the proof of Theorem 2 using [2, Theorem 2] in place of Theorem 1). 
A second notion of optimality Dubins and Spanier suggested was the following: "Find a 
partition that maximizes the amount received by the person who gets the least, and, among all 
such partitions, find one which maximizes the amount received by the person who gets next to the 
least, etc." (for a formal definition, see [2, p. 8]). Again, for cake-cutting, optimal partitions in this 
second sense always exist [2, Cor. 6.10] but for the border problem they do not exist in general as 
can be seen from Fig. 2 again with the uniform distributions given above. However, "E-optimal" 
borders in this second sense also always exist; this time use [2, Cor. 6.10] in the modification of 
the proof of Theorem 2. 
A third notion of optimal partition suggested in [2] is one in which I,t (Aj) = p1 for all i and all 
j, that is, all participants agree that each person received exactly the correct amount. Proving an 
assertion of Steinhaus [9], Dubins and Spanier showed that for cake-cutting, optimal partitions in 
this third sense also always exist [2, Cor. 1.1], and again it is easy to use their result o modify the 
proof of Theorem 2 and conclude that --optimal (i.e., I,px (Aj) - pjI < E for all i and j) solutions to 
the border problem always exist. But whether or not optimal borders (in this third sense) always 
exist is not known to the author, even if D is bounded. The techniques above do not seem to 
work; simply "taking limits" in general destroys both the connectivity and the correct adjacency 
of the pieces. 
One last criterion for comparing borders which are already fair in one of the above measure- 
theoretic senses, a criterion suggested by L. Karlowitz, is that of comparing total lengths of 
borders, and looking for one with minimal ength (although some countries with large armies, for 
example, may well prefer long borders). Another look at Fig. 2 shows that fair borders of minimal 
length do not exist in general, but if D is bounded, there are always fair borders of nearly minimal 
length. 
Acknowledgements. The author is grateful to George Cain and Victor Pestien for various suggestions, and to the 
Mathematics Department at the University of Leiden for its hospitality and technical assistance during the academic 
year 1982-3. 
References 
1. K. Borsuk, Drei Satze uber die n-dimensionale uklidische Sphare, Fund. Math., 20 (1933) 177-190. 
2. L. Dubins and E. Spanier, How to cut a cake fairly, this MONTHLY, 68 (1961) 1-17. 
3. W. Feller, Note on regions similar to the sample space, Statistical Research Memoirs, University of London, 
1938, 116-125. 
4. R. Fisher, Quelques remarques ur l'estimation en statistique, Biotypologie (1938) 153-159. 
5. , Uncertain inference, Proc. Amer. Acad. Arts Sci., 71 (1936) 245-257. 
6. A. Lyapounov, Sur les fonctions-vecteurs completement additives, Bull. Acad. Sci. URSS, 4 (1940) 465-478. 
7. J. Neyman, Un theoreme d'existence, C.R. Acad. Sci. Paris, 222 (1946) 843-845. 
8. J. Neyman and E. Pearson, On the problem of the most efficient ests of statistical hypotheses, Philos. Trans. 
Roy. Soc. London Ser. A, 231 (1933) 289-337. 
9. H. Steinhaus, Sur la division pragmatique, Econometrica (supplement), 17 (1949) 315-319. 
10. A. Stone and J. Tukey, Generalized sandwich theorems, Duke Math. J., 9 (1942) 356-359. 
E E . I
ake-cutting, d ffered several if er nt riteria for etermin g hether e artit on is etter
than other.
e first riterion uggested is that the artit on { }, 2 , ••• , An} is etter than the artit on
{ }, . , n} if I2nJLi (A i) ~ I2nJLi ( i), d or a e-cutting they roved [2, eorem ] that timal
artit ons i this ense l ays ist. the ther and, or the order roblem it ay e een
rom ig. , ith JLi niformly istributed i for h i, that timal artit ons i this irst
ense ot l ays ist though learly e-optimal" es l ays ist, e own
light odification he roof eorem sing 2, eorem ] lace eorem ).
cond otion timality ins d ier ggested as he ollowing:
rtition hat aximizes he ount eceived he erson ho ets he ast, d, ong ll
ch rtit ons, ind e hich aximizes he ount eceived he erson ho ets ext o he
ast, tc." or ormal efinit on, ee , . ]). ain, or e-cutting, timal rtitions his
cond nse l ays ist , r. .10] t or he rder roblem hey ot ist eneral
en rom ig. ain ith he iform istributions iven ove. ever, e-optimal"
rders his ond nse so ays ist; his ime se , . .10] he odification
he roof eorem .
hird otion timal tition ggested ] s e ich JL I ( A j ) Pi or l l
}, hat s, l ticipants re hat rson eceived actly he rect ount. oving
rtion einhaus ], i s ier owed hat or e-cutting, timal rtitions
his hird se o ays ist , . .1], ain o e heir esult to odify he
oof eorem clude hat e optimal .e., IJLl(A ) - ) e or l }) l tions o
he der oblem ays ist. t ether t timal ders his hird se) l ays
ist t own o he thor, en nded. e echniques ve t e o
rk; ply t ing its" eral stroys h he nectivity he rect j ency
he ieces.
iterion or paring ders ich e eady air e he e easure-
heoretic ses, iterion ggested lowitz, at paring otal gths
ders, ing or e ith inimal l gth hough e tries ith ge ies, or
ple, ay l efer g ders). ther . ows at air ders inimal
gth ist eral, ded, here e ays air ders arly inimal
gth.
nowledgements. or ateful ge i r ien or ious gestions, e
e atics ep r ent e ersity or s itality chnical tance ing e ic
2-3.
erences
. . k, r t ti imensionale lidische e, . t ., - .
. . u r, airly, is NTHLY, ) .
. . , t ions ilar e le , t istical ch irs, i rsity f ,
, 1 .
. . r, arques s ' i ation tistique, i pologie .
. __, tain erence, c. r. s .
. . ov, ur l ctions-vecteurs letement ives, . . . , ( ) - .
. . an, n t eoreme istence, . is, .
. . a . , n t e le f t e ficient ts f istical potheses, ilos. r s.
. on .
. . t haus, ur l ion atique, con trica s ent), ( - .
. . t . , alized ich t eorems, uk t . ., ( .
